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Sozbasy

Tiirkmenistanyn hormatly Prezidenti Gurbanguly Berdimuhamedowyn gds-goni
yolbascylygynda tize Galkynys we beyik Ozgertmeler eyyamynda bilim we ylym
ulgamyny déwrebaplasdyrmak hem-de kdmillesdirmek boyunca 6rén diiypli ¢areler we
isler amala asyrylyar. Dintle 2010-njy yylyn dowamynda yokary okuw jaylarynyn
ahlisinde olarda gecirilyan dersler boyunca okuw gollanmalary we okuw kitaplary 6z
ene dilimizde tayyar edildi. Olara mysal edip, Magtymguly adyndaky Turkmen dowlet
uniwersitetinii mugallymlary G.Orazowyin we G.Annamuhammedowyn tayyarlan
“kwant mehanikasy” boyun¢a okuw kitabyny goérkezmek bolar. Hodlrlenyén meseleler
yygyndysy sol okuw kitabynyn esasynda diiziildi we onuii mazmuny bu ders boyunca
gecirilydn umumy okuwlar bilen yakyn utgasdyryldy. Talyplarynn 6zbasdak islerini
yenillesdirmek maksady bilen her boliimde gerek bolan kabir diisiinjeler we formulalar
getirildi. Meselelerin has ¢ylsyrymlysynyn ¢6zgiidi ginisleyin berildi. Tiirkmen dilinde
kwant mehanikasy boyunga seyle meseleleriit yygyndysy ilkinjilerin biridir diysegem
bolar. Su gollanmanyn ilkinji yazgysyny professor G.Toylyyew doly okap ¢ykdy, usuly
gorkezmeleri hodiirledi. Onun bellikleri doly suratda hasaba alyndy. Biz ona 6zlimizin
minnetdarlygymyzy bildirydris. Sonun ii¢in gollanma barada yiize ¢ykan tekliplerinizi
we bellikleriniizi uniwersitetiii nazary we eksperimental fizika kafedrasyna ibermegiiiizi

hayys edydris.



| bap
Elektromagnit sohlelenmanin kwant nazaryyeti

I.1.Usuly g0Orkezmeler

M.Plankynn we A.Eynsteyniii yagtylyk kwantlary baradaky gipoteza layyklykda,
yagtylyk diskret bolejikler (kwantlar) arkaly goyberilyar, sindirilyar we yayrayar.
Olara fotonlar diyilyar.

Fotonyn energiyasy:

hc
—hy = - 1
& V = ho 1 ()

Fotonyn massasy energiyanyn we massanyil 0zara baglanysyk kanunyndan
tapylyar:

m-< @

Fotonyn impulsyny otnositelligin yorite nazaryyetiniii umumy formulasynda

E=cq/mgc’+P?,

fotonyni dynclyk massasyny nola deiildp tapylyar:

Pt ™ (3)
C C

bu yerde k = — = - tolkun sany.
c
e (1) we (3) anillatmalar fotonyni korpuskula hisiyetnamalaryny — masssany,
impulsy we energiyany — yagtylygyn tolkun hésiyeti - v yygylyk bilen
baglanysdyryarlar.



1.2. Meseleler

1.1. Nusgawy elektrodinamikasyna layyklykda, a tizlenme bilen hereket edyan
elektron sohlelenme energiyany

dE e’ ,
&= 1
dt 67[5003 2 ( )

kanun boyunga yitirydr. Wodorod atomynyn yadrosynyn dasynda r, = 0,53nm radiusly
towerek boyuncga aylanyan elektronyii sohlelenme netijesinde energiyanyn yitmegi
zerarly, yadro gagmaklygynyn - wagtyny kesgitlemeli.

Berlen: Cozuwi:
r, = 0,53nm = 0,53 -10 °m Meseldni sadalasdyrmak ticin, elektron degisli radiusly
m, = 9,1-10 *'kg towerek boyunca islendik wagtda dendlcegli hereket
£, =885-10 " JKL; edyar diyip hasap ederis.
r =7 Onda sohlelenmd garamazdan, elektronyn tizlenmesini
as? )

formula bilen hasaplap bolyar.
bu yerde o - elektronyn hereketinin tizligi,
r - berlen wagtda elektronyn yadrodan aralygy.

Merkeze ymtylyan we Kulon giiy¢lerin dent bolmaklarynyn serti

v’ e’
m Yo 3
v 4ze,r’ 3)
Su yerden kinetik energiya
e - mo’ e’
2 8re,r

2 2 2

e e e
E=E +E, = - = - (4)
8re v Adme,r 8re,r




dendir.

Sohlelenme yityan energiyany tapmak Ucin, (4)-i wagt boyunca differensirlalin:

€ _ e .imz e’ 1dr (5)

dt 8re, dt 8re, r’ dt

(1) we (5)-1 denesdirip we (2) we (3)-i hasaba alyp, alarys:

e’ 1dr  1( €’ 1
8re, r’ dt 96 | 7z,c ) mlr*’

0

su yerden

2 2
) 1 e
-rodr=—— dt.
12¢” \ g ,m,

Su denlemidni r boyunga r,-dan 0-a genli we t boyunca o-dan r (elektronyn

orbitasynyn r, - dan 0-a ¢enli kicelmegininn wagty) cenli integrirlalin:

° 1
2 —
_;[rdr 12 [ﬂngIdt

Su yerden

2
e, M
r:4c3( : "W r, =14.10 s =14 ps

Loe® )

1.2. Fotony sohlelendirip, dynclykdaky wodorodyn atomy birinji oyandyrylan
yagdaydan esasy yagdaya gecyar. Atomyn gaytargy tizligini kesgitlemeli.

Berlen: Coziwi:
n=105-10"*J"s Impulsyn saklanma kanunyna layyklykda, atom
R=1,007 -10 ' m™ ondan ucan fotonyn impulsyna den impulsa eye
m =1,0078 m.a.b = 1,68 -10 " kg bolyar, yagny
9-? mo = "’:’ (1)
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bu yerde m we ¢ - atomyn massasy we tizligi,

o - fotonyn yygylygy

Energiyanyi saklanma kanunyna layyklykda, atomyn oyandyrylan energiyasy,

1 1) 3
PR i 4 2
AE hR(lz 22] J R (2)

fotonyn energiyasynyn we gaytarga sezewar bolan atomyn kinetik energiyasynyn
arasynda paylanyar, yagny

AE = hao + m: 3)

deiilik yerine yetyar.
(1) we (2)-ni (3)-e goyup

2
mo

3
—hR =mco +
4 2

alynyar. Su taydan atomyn gaytargy tizligi alynyar:

., 3R m
v=,C +——-0=3,27 —.
2m S

1.3. Dynglykdaky proton 6ziinden dasda 1875 -10°™  tizlik bilen hereket edyan

S
elektrony gabap alyar we netijede wodorodyn oyandyrylan atomy emele gelyér. Esasy
yagdaya gecende atomyn goyberyin fotonynyin tolkun uzynlygyny kesgitlemeli.

Berlen: Coziwi:
v =1875-10° % Goyberilen fotonyii tolkun uzynlygy defdir:
v =6,63-10 *J s aothe_he (1)
v hv AE
m, = 9,1-10 *'kg bu yerde aE - esasy yagdaya atom gecende bolinyan
a-? energiya.
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Energiyanyn saklanma kanunyna layyklykda, e protondan dasda yerlesen

elektronyn kinetik energiyasyna dendir, yagny

m,v
E =
2
(2)-ni (1)-e goyup
2hc s
A=-——-=5725-10 "m.
m,v

()

1.4. 1,02mew  Kinetik energiyaly elektronyn massasy onufi dynglyk massasyndan nége

esse uly?

Coziilisi:
Elektronyn doly energiyasy onun massasyna goni proporsionaldyr:
E =mc?,
bu yerde m - hereket edyédn elektronyn massasy,
¢ - wakuumda yagtylygyn tizligi.

Elektronyn kinetik energiyasy E, onun doly energiyasynyn
energiyasynyn E_, tapawudy yaly kesgitlenilyar:

E,=E-E,
bu yerde
E,=m,c’, m, -elektronyil dynclyk massasy.
Onda
()
E, =m_,c -1,
mO
su yerden
m E,
= > +1
m, m.,c
Ululyklarynn bahalaryny goyup, alarys:
m 1,02 MeW
—=—+1=3.
m 0,51 MeW

0

(1)

E we dynclyk

(2)

(3)

Seylelikde, 1,02mew  Kinetik energiyaly elektonyin massasy onuni dynglyk massasyndan

3 esse uly.
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Il bap
M.Plankyn formulasy. Fotoeffekt. Komptonyn effekti
11.1. Usuly gérkezmeler

e Absolyut gara jisimin denagramly sohlelenmesinin spektral dykyzlygy Gcin
M.Plank seyle formulany alypdyr:

h o’
'Ow_ﬂzcs ho
e —1

o Kwant diisiinjesiniii kdmegi bilen A.Eynsteyn dasky fotoeffekt hadysasyny
diistindiripdir we seyle deileméni alypdyr:

m,v

0

2

=ho - A
Gorniisi yaly, fotoelektronyn maksimal kinetik energiyasy m°2—“ fotonyn re

energiyasy we elektronyn metaldan A ¢ykys isinin tapawudyna dendir.
Fotonyn impulsynyn barlygyny Komptonyn effekti subut edyér. Rentgen sohlesinin

erkin elektronlarda pytranda onun tolkun uzynlygynyn iiytgemegine Kompton effekti

diyilyér.
e Tolkun uzynlygynyn Az tiytgemesi asakdaky formula bilen anladylyar:

9
AL =A"—4=24,sin°—.
2

bu yerde,
27h

m,c

ﬂ:

0

= 2,4263 -10 *m - Kompton tolkun uzynlygy;

0 - diisydn sohlanin pytrama burgy.
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11.2.Meseleler

2.1. ho >> kT We nw << kT IKi ¢ékli yagdaylarda denagramly sohlelenmanin
energiyasynyn spektral dykyzlygy licin yakynlasan aiilatmalary almaly.

Coziilisi:
Denlagramly s6hlelenménin spektral dykyzlygynyn formulasy

- M.Plankyri formulasy.

Uly bolmadyk yygylyklar %“’ <1 UGN e ~14+— .

Onda (1) asakdaky gorniise gecyar.

2
(4]

p, = ——kT - Releyiii- Jinsin formulasy.
7w C

ho

Uly yygylyklar (%0 >> 1) licin seyle sert emele gelyir ev >>1 .
Seyle yagdayda (1)-de yayyn i¢indéki 1-ligi inkar edip, alyarys:

3 ho
ho -

Po= e w - eksponensial kanuny.

(1)

2.2. Plankyn formulasynyn komegi bilen, absolyut gara jisim ii¢in Stefanyii- Bolsmanyn

kanunyny getirip ¢cykarmaly we ondaky hemiseligin san bahasyny hasaplamaly.

Cozilisi:

Plankyn formulasy p, =

Elektromagnit energiyanyn adaty dykyzlygy:
us= J' p,do

(1)-i (2)-de ornuna goyalyn:

14
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h w
u= do
”203_([ %
e 1
Taze Uytgeyan ululyk girizyaris:
st
KT
Su yerden
kT
do = —d¢&
h
Onda
k4T4 © ég3
u= d
niric’ J;eg -1 :
Bu yerde,
w 3 4
J‘ é: df =T
s e —1 15
Seylelikde
u=ar?,
bu yerde
z%k*
a=———=756-10"J-m grad ",
15¢c°n

2.3. Plankyn formulasyny ulanyp Winiii siiysme kanunyny getirip ¢ykarmaly we onui
hemiseligini hasaplamaly.

Coziwi:
Plankyn formulasyny tolkun uzynlygynyn {isti bilen afnladalyi.

we

Yene-de
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u:}pidl ,
0

anlatmany ulanyp, taparys:

0

E K Tda da
J‘pldl =u-= Jpwda) = —27rc_[pm — = 272'CJ‘,0(U—2
0 0 0 j’ 0 l
ya-da
J‘{pl -2rcp,, —Z}d/?, =0
0
ya-da
27rc
P, = 22 Py
ya-da
16h7°c
P, =

27ch '
zs{e kT2 —1}

p, dykyzlygyn maksimal bahasyna degisli 2 _, bahany kesgitlemek tcin, yokarky

y G
afilatmadan p/1 + _ o ululygy tapmaly:
}— 27Ch ek::—I
| KT, |
| -5+ 2 nch | =0.
|L K _q J
27Ch . v e e s .
Y belgilemani girizip, alarys:

y=5@-e").
Su denleménin ¢ozgiidi uly takyklyk bilen seyle gorniisde alnyp bilner.
y~5(—e®)~ 4.965
Onda
2. T =b - Winin siiysme kanuny.

Bu yerde,
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3 27Ch
4,965 -k

=0.29-10 *m-grad - Winin hemiseligi

2.4. Seziy we platina {i¢in fotoeffektin gyzyl aragdginin tolkun uzynlygyny
hasaplamaly. Olardan elektronlary goparmak tigin is degislilikde 1,89 eW we 5,29 eW .

Jogaby: 4, =657 nm, 4, =235nmm.

2.5. Erkin elektronda fotoeffektin bolmajagyny gorkezmeli.
Cozlwi:

Meseléni tersine giman etmek bilen c¢ozelin. Goy, erkin elektron fotonyn
energiyasyny doly sindiryar diyelin. Seyle yagday ili¢in energiyanyn we impulsyi

saklanma kanunlaryny yazalyn.

a). Relyatiwistik dal yagdayda

we

Su iki denlemelerden » = 2¢  gelip ¢ykyar, emma bu mimkin daldir.

b). Relyatiwistik yagdayda

we
£y m cp
c 1— ﬂz
Sonky iki denilemelerden
L-p*)=1-p°

ya-da

17



B(B-1)=0.

Buyerden s=0 we g=1 - buhem bolup bilmez.

2.6. 0,35Mew energiyaly foton erkin elektronda e0° burc bilen dargayar. Elektronyn
baslangyc energiyasyny hasaba alman, dargan fotonynh & energiyasyny we
“depilen”elektronyn impulsyny tapmaly.

Berlen: Cozuwi:
£ = 0.35 MeW Energiyanyn saklanma kanuny boyunca
a=60"° e=¢'+E, ,
g'="? ¢
bu yerde
P2
27Ch
g'=ho'=
ﬂ,,

Komptonyn formulasyndan

0
A'=A+224,sin?—,
’ 2

27h
A, = ——
m,c
Onda
27Ch
ol 2rCh _ 2 _ &
_,0 2 2xch _ , 0 ., 0
A+22,sin " — 1+ - sin " — 1+2 sin © —
2 m,c A 2 m,c 2
nirede
m,c’ = 0.51MeW
Seylelikde,

18



, 0,35 MeW
g = = 0,26 MeW .
0,35MeW 1
2

0,51MeW 4

Elektronynn kinetik energiyasyE, =& -s'=0,09MeW .

Impulsy kinetik energiyanyn iisti bilen anladyp alarys.

27 kg'm

p-2e, (E, +2m,c’)~168-10"
C S

kg -m

Jogaby:s' =0,25Mew , P =165-10 "7
S

2.7. Relyatiwistik elektron bilen ¢aknysanda ¢ burcga pytrayar, elektron bolsa duryar.
Pytran fotonyn tolkun uzynlygynyit Kompton siiysmesini tapmaly.

Cozuwi:
Impulsyn saklanma kanunyna gor,
nk + P = nk ',
bu yerde, k we k' - basdaky we pytran fotonlaryi tolkun wektorlary,

P - elektronyfi impulsy.

Cyzgydan kosinuslar teoremasynyn esasynda alynyar:
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P2 = (h|2>2 + (hIZ')2 — 272Kk 'cos 6 (1)
Eger (1)-de
@ " a)_' c=ho W€ ¢ =ho'
C c

K = K'=

anlatmalar hasaba alynsa, onda alarys:

p? =Ci2(£Z+512—255'COS 9) (2)

Energiyanyn saklanma kanuny:
e+E=¢g"+myc?,
buyerde E - elektronyn doly energiyasy,
m, - onuil dynclyk massasy.

Sonky afilatmadan

E’=¢’+e?+mic' —2ss' +2mc’ (s~ ¢) (3)
Indi myc?=+E?-P’c’ gatnasygyi iki tarapyny kwadrata giterelifi we (2) we (3)-i
hasaba alalyii:

ge'(l-cos @)=m,c’(s' - ¢),

ya-da
n 1 1 A=A
~(l-cos@)=—-—-=
m,c o o 27c
Su yerden
4zh . , 0
A—-A"=- sin © — <1
m,c 2
alynyar.

Gorniisi yaly, pytran tolkun uzynlygy ki¢i bolyar we onuil energiyasy artyar.
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2.8. Protonyn kinetik energiyasy 6ziinin dynglyk energiyasyndan 4 esse kigi. Protonyn
de Broyl tolkun uzynlygyny hasaplamaly.

Berlen: COozUwi:
E, = % Lui de Broylyn tolkun uzynlygy
E, =15-10 ] /1=% (1)
i -7 formula boyunca hasaplanyar. Impuls we kinetik energiya
Pzi\/Ek(Ek'F?-moCZ)* (2)
c

gatnasyk (2.6 - meseld seret) bilen baglanysykly.

Meselanin serti

EO
E,= T (3)
(3)-1 (2)-4 goyalyn:
pzl\/i(BMEO\ 3B 4)
c\ 4 4 ) 4 ¢

(4)-1 (1)-e goyalyn:

8zhc  4hc 46,63 .10 3 s
A= = = m=177-10 " m.

3E, 3E, +/3.15.107%

2.9. ¢=075Mew  energiyaly foton erkin elektronda  e0° bur¢ bilen dargayar.

Elektronyn urgudan Onki energyasyny hasaba alman, dargan fotonyn
energiyasyny we elektronyn kinetik energiyasyny tapmaly.

Jogaby: &' ~0,43Mew , E,, =0,32MeW .

2.10. Eger kiimiisden elektrony goparmak ii¢in zerur is A=4,28eW bolsa,onda
fotoeffektin gyzyl aracagine degisli tolkun uzynlygyny hasaplamaly.
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2
Jogaby: 1 - % — 290 nm.

2.11. Disyian sohleler dessesinifi ugruna perpendikulyar seredilen yagdayynda
Komptonyn effektindédki tolkun uzynlygynyi liytgemegini kesgtilemeli.

dzh . , 0 3
sin © —=2,4263 -10 " nm.
m,c 2

Jogaby: ax-=

2.12. 2,2.10*s™ yygylyga eye bolan monohromatik yagtylyk bilen metalyn {istiinden
goparylyan fotoelektronlar - 6,6w potensial bilen doly suratda saklanylyarlar,
4,6-10%s™ yygylykly monohromatik yagtylygyfi goparyan elektronlary bolsa -16,5W

potensial bilen saklanylyarlar. Bu maglumatlar boyunc¢a Plankyn hemiseligini
kesgitlemeli.

Berlen: Cozuwi:
v, =2210"s" | Plankyii hemiseligini fotoeffekt iicin Eynsteynii

=46-10"s™ y : 1 ,
im® > denilemesinden kesgitldp bolyar:

¢, = —6,6W
9, = —16 ,5W
h—7 g=A+ Ek1 (1)

buyerde - fotonyn energiyasy,
A— gykys isi,
E,— fotoelektronlarynn maksimal kinetik energiyasy
Fotonyn energiyasy seyle formula boyunga hasaplanylyar:
e=hv
bu yerde h - Plankyn hemiseligi,
v - disyén yagtylygyn yygylygy

Elektronyn kinetik energiyasy saklayjy potensialyn isine dendir:
E, =¢ep,

buyerde e - elektronyi zaryady,

22



o - saklayjy potensial.

Onda (1)-njinin esasynda yazyp bileris:

hv, = A+ep,
hv,=A+eop,
Su iki denllemelerden
h_tle-el)
Vo= Vs

Ululyklarynn bahalaryny orunlaryna goyup alarys:

1.6-10 Kl (16 .5W — 6.6W ) w
h= — ———=6.6-10 *J s
4.6-10°s1-2.2.10" s

h 6,6-10* a
h=—=—"""3.s=1,05-10 *J -s.
27 6,28

Jogaby:7 =1,05-10 ™ J -s

2.13. 214 pm tolkun uzynlykly rentgen sohlesinin fotony Kompton effekti
netijesinde baslangyc ugra 90° burg bilen dargayar. Foton 0ziiniii energiyasynyn néice

bolegini elektrona beryér?

Berlen: Coziwi:
A, =21.4pm =21.4.10 ¥m Komptonyn formulasy
6 =90"°
n—2? bu yerde
3 27h
m,C

Fotonyn energiyasy

_ 27Ch

Dargan fotonyn energiyasy:

23

Z
AL =A"= 2 =22,sin°—,
2

- 2.43.10 *m - Kompton tolkun uzynlygy



27Ch
E =
l'

Elektrona berlen energiya diisydn fotonyn energiyasynyi kesgitli bolegini dlizyér:

ya-da

Ululyklaryn bahalaryny ounlaryna goyup, alarys:

-12 1
2.2.43.10 Zm .~
n= 2 - 0.102 .
~12 -12 1
21.4-10 2m+2.2.43.10 ¥m .~
2

Jogaby:Rentgen fotony elektronda darganda elektrona 6ziinin energiyasynyn 10,2%
beryar.
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111 bap
Mikrobdolejiklerin tolkun hisiyeti. Kesgitsizlik gatnasygy

I11.1. Usuly gorkezmeler

N.Bor Uc¢ fiziki distinjeleri (atom, elektron, sOhlelenme) dine bir kwant
diisiinjesinin iisti bilen 6zara baglanysdyrypdyr. Onun birinji postulaty

mdr =n# , n=123,.

Borun nazaryyetine layyklykda, stasionar yagdaylary, adiabatik inwariantlary
kwantlandyrmak yoly bilen kesgitlap bolyar:

fPidqi =nh

Lui de Broylyn gipotezasy boyunca erkin hereket edyian bolejige tekiz
monohromatik tolkun degislidir we onun tolkun uzynlygy

A= 2%71 - de Broylyi formulasy

Mikrobdlejiklerin  korpuskulyar - tolkun tebigaty, yagny dualizm hésiyeti,
Geyzenbergin kesgitsizlik gatnagygy bilen suratlandyrylyar.

Bolejiklerin koordinatalary we impulsy ti¢in
AX-AP >h, Ay-AP, >2h,  Az-AP,>h.
bu yerde, ax, Ay, Az - bolejigin koordinatasynyn kesgitsizligi;
AP, AP, AP, - degisli impulsyn diiziijisinin kesgitsizligi,
Energiya we wagt Ucin
AE -At > 1,
bu yerde aEe - berlen kwant yagday {i¢in energiyanyn kesgitsizligi;

At - sol yagdayda sistemanyn bolmaklygynyn wagty.
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111.2. Meseleler

3.1. Borui nazaryyetini ulanyp, wodorod atomynyn orbitasynyn radiusyny, ondaky
elektronyn tizligini kesgitlemeli.

Berlen: Cozuwi:
m=9.1-10 kg Borui birinji postulatyna layyklykda
e=16-10 “KI mo.r=nh, n=123,. (1)
n=105-10 *J-s Kulon giyji merkeze ymtylyan guyc¢ bolup hyzmat edyar.
v, = ? e mo oo 2 o2
. k : = . ya—da mo’r =ke (2)

(1) we (2) denlikleri bolup alarys:

kze ’
-2 ©

(3)-1 (1) —e goyup, alarys:

n’h’

kmze >

r, =

Meselénin sertine gora n=1, z=1, sonun Ugin

ke’ e M
v, =—=2183-10" — Wer =
h S kme

=0.53-10 “m.

;=

m
Jogaby: v, =283 -10° —,
S

r, =0,53-10 ’m.

3.2. Erkin bolejik tiikeniksiz beyik diwarly potensial cukuryn x=0 We x=a
nokatlarynda yerlesyéar. Kwantlanma duzgiinini ulanyp, bdlejigin stasionar yagdayynyn
energiyasyny kesgitlemeli.

Coziwi,

Cukuryn i¢inde bolejik hereket edende onunt “P” impulsy hemiselik bolup galyar, yone

diwardan serpigende dinie ugry boyunga iiytgeyar. Impulsynn ululygyny kwantlanma
diizglininden tapyarys.

26



jSPde =nha, n=123,.

Seredilyan yagdayda
fPde :}de +I(—P)dx =}de +}de = 2Pa

Diymek, bolup biljek impulsyi bahalaryny (1) we (2)-den alarys;

h
P, =—n
2a

13 2

m” massaly relyatiwistik dil bolejigin energiyasy
PZ  a?
E,=—"=—

2m  8a'm

Gorniisi yaly, energiya diskret bahalary alyar.

3.3. Relyatiwistik bolejigin kinetik energiyasy E
Su bolejigin de Broyl tolkun uzynlygyny tapmaly?

kin 2

Cozuwi:
De Broylui tolkun uzynlygy asakdaky denilemeden kesgitlenyér:

27h
A=—
P

Relyatiwistik bolejik tigin

onda

(1)

(2)

onunt dyn¢lyk massasy bolsa m, .

1)



ya—da

En + moC2 = ks
1-p°
Su yerden
1- B2 = m0—02 (2)
Ekin + rnOC2
Iki tarapyny-da kwadrata goterelin:
1 gt - mec’ |

Yonekey ozgertmeleri ulanyp alarys:

(Ekin + mocz)2 —mjc“ = ﬂz(Ekin + mocz)zl

2 2 2 4 2 4 2 2)\2
E.,, +2E,,m,c"+m;c —m,c =4 (Ekin +m,c ) ,

Ekin Ekin 2 0 ’
ﬁ:\/ E( +Zm,C ) (3)

2
+mgc

kin

(2) we (3) anlatmalary (1)-e goyup, taparys:

27hce

A=
\/Ekin (Ekin + ZmOCZ)

: (4)

Iki yagdaya seredelin:
1. Eger,E,, << m,c*, Yyagny g << c bolsa (relyatiwistik dal bolejik),

onda
2rh
A= ——,
2rnOEkin
bu yerde,
2
m.v
Ekin = 02
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Dogrudanam, E,, = moc2I ! . —1I gatnasykda
19
1—-
L\/ ¢’ J
L {1— Uzj T+ ;Uz+ .. anlatmany hasaba alsak, onda
L2 c c
P
e
2[ 10? ] mou2
Ein =M |1+ ——-1]|= .
2¢cC 2
Eger E,, >> m,c® bolsa (ultrarelyatiwistik bélejik),
onda
27hc
A=
E

kin

Meselem, e, =10Gew bolanda 2-=16-10"m.

3.4. 2= 0,2nm de Broyl tolkun uzynlykly neytronyii energiyasyny tapmaly.
Yylylyk denagramlygynda nahili temperaturada neytronyn energiyasy seyle baha eye
bolup biler?

Berlen: Coziwi:
: , p? 27h
A=02nm =02-10"°m Belli bolsy yaly, E-— we p=""
2m A
—27 27[2712 ~23 )
m = 1,675 -10 7" kg Onda E- =328,78-10 ®J =2,5-10 Zew
mA
N oo 3
k =138-10 % — Serte gora E = EkT
K
h=105-10"*J s Bu yerden
4r2n? ,
E_» T = —=16-10°K
3kmA
T-2

Jogaby: E=25.10"%ew , T =1,6-10°K
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3.5. Relyatiwistik bolejigin de Broyl tolkun uzynlygy 2 we onun dynglyk massasy m, .
Onun kinetik energiyasyny tapmaly.

Berlen: COozuwi:
A ) . ., r 1 —|
Kinetik energiya  E,, = m,c’| -1, (1)
m, -2t
impuls
m.cp
En =7 P= : (2)
1- B°
formulalardan tapylyar.
27h
Bagga tarapdan P=" (3)
(2) we (3) anlatmalaryn sag taraplaryny denldp, taparys:
4z°n’
2 = 4
b 47°h° +mic?A? 4)
(4)—i (1) —de goyup, alyarys:
m,c’ , m,c’ , \/m§c4(47zzh2+m§cziz) )
E = -my,c” = -m,c” = P -my,c” =
- 4z°n’ moc’A? myc” 4
4z°r% +mic?A? 4z°r% +mic?a?

Jogaby: Echmjcz+4nz(z] -m,c”

3.6. Elektronyn haysy kinetik energiyasynda de Broyl tolkun uzynlygy Komptonyrika
den?

Cozulisi: Belli bolsy yaly, Komptonyn tolkun uzynlygy
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27h
ﬂ =

de Broylynky bolsa

27h
1 ="
P
bu yerde p_ Moh
1-p°
Su anlatmalardan
27zh 27h1- B°
m,c m,cp
ya—da
B=-1-p°
Su yerden tapyarys:
, 1
==
2
Kinetik energiya
[ 1
[ ] I |
Eu = M,C’| ~1]=m,’l ~1]
|\1-p7 ] | s |
[z

Gutarnykly gorniisde
Ey = Moc?(\/2-1)=0,51MeW (1,4 —1) = 0,212 MeW

kin
Jogaby: g, =0,212 Mew

3.7. Elektron atom olgeginifi (10 °m) ¢éginde hereket edyér. Elektronyn alyp biljek
minimal energiyasyny tapmaly.

Berlen: Coziwi:
Ax =10 "m ax-ap ~n  Kesgitsizlik gatnagygyna layyklykda
n=105-10"*7J"s bu yerden
o 1,05-107*J kg -
m=91-10 *kg AP=—=TS=1,05-10’24 9T
AX 10 " m S
E-? Elektronyfi alyp biljek minimal energiyasy
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2
kg -m
. [105.202 90 -
E_(AP) ~ s S 11-10°

2m 2-91-10 *kg 18,2

J =0,06-10 "3 =0,037 -10°eW =~ 3,7eW

Jogaby:E =~ 3,7ew

3.8. Wodorod gazy, radiusy 0.01m bolan sfera gorniisli gapda yerlesen. Wodorodyn
molekulasynyn bolup biljek minimal energiyasyny tapmaly.

Berlen: Cozuwi:
n 1,05-10 7 -s . kg -m
Ax = 0,01m AP = —="""_ " ~-105-10 % =——
AX 0,01m S
h=105-10"*J s
2
kg -m
E_2 ) (105 10 * 9 j
_(aP)” s - a .
E = = — = 2346 -10 *J =
2m 2.2,35-10 kg

=1466 -10 “eW ~15-10 “ew

Jogaby: E~15-10 “ew

3.9. Otag temperaturasynda yylylyk hereketine gatnasyan wodorodyn molekulasynyn
(m = 2,35 .10 " kg )koordinatasy nahili takyklyk bilen tapylyp bilner?

Berlen: Cozuwi:
m = 2,35-10 *"kg Otag temperaturasynda yylylyk energiyasynyn dendlgegli
h=105-10 *J s paylanma kanuny kanagatlandyrylyar.
T =300 K Sonun {igin yylylyk hereketinifi orta energiyasy ng bolar,
k =1,38-10"* % yagny 5— = %kT we \/? = /3m kT
m
AX =7

Islendik bolejigin impulsynyn ortaca natakyklygy
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AP ~ P ? = \3m kT
Onun koordinatasyny kesgitlemekdéki natakyklyk:

7 1,05 .10 **J -s 0
AX = ~10 " m

~ 3m kT J
v 3.2,35-.10 *'kg -1,38 -10 * ———.300 grad
grad

Jogaby: ax~10"m

3.10. Wodorodyii atomynda ii¢inji Bor orbitasynda yerlesyén elektron iicin de Broylyn
tolkun uzynlygyny kesgitlemeli.

Berlen: Cozuwi:
m=9,1-10 *kg Elektron iigin hereket detilemesini we impuls
h=6,63-10*J momentinin kwantlanma diizglinini yazalyi:
o s mo® e’
r 4dre,r 2’
2
£, =8,85-10 " mor = nh.
J-m
Su denilemelerden taparys:

-7 po & 11
dre,h n g,h on

Onda gozlenilyan ululyk:
L2 _h _ 2h’ne,

P mo me’

2-(6,63-10*) -3.8,85.10 y
A= m=~10 "m =1nm.

9110 % (1,610 )

3.11. Oyandyrylan yagdayda atomyn yasamaklygynyn orta wagty 12ns. ESasy yagdaya
atomyn gee¢meginddki sohlelenminiii 12 mkm tolkun uzynlygynyn minimum
kesgitsizligini hasaplamaly.

Berlen: Cozlwi:
At=1,2-10"s Sohlelenyén fotonyn energiyasy
2=12-10"m

AJ - f) E_ 27hce

)
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Suny 2 boyunca differensirldlin:

da
dE = -27x%ic 5
2
ya-da
AE = —27hc i—f. (1)
Energiya we wagt iicin Geyzenbergini
AE -At >
kesgitsizlik gatnasygyndan
n
AE = —. 2
" (2)
(1) we (2)-nin sag taraplaryny denesdirelin:
AL R
2rhce - 5 =
20 At
Su yerden
/12
AL = :
27C - At
1,44 .10

AA m ~ 6,4-10 " m.

 6,28-3-10°-1,2-10 °
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IV bap

Kwant mehanikasynyi matematiki apparaty
IV.1. Usuly gorkezmeler

Kwant mehanikasynda operator diisiinjesi giniden ulanylyar. Berlen u-
funksiyadan basga bir "9 funksiyany almak tcin ulanylyan matematiki amala
operator diyilyér. Ol seyle belgilenyar:

v=LU

Kwant mehanikasynda dine ¢yzykly 6ziinecatrymly (ermit) operatory ulanylyar.
Operatoryn ¢yzyklylygynyn serti:

L(c,U,+c,U,)=c,LU, +c,LU,

Cyzykly operatoryn 6zlinecatrymlylygynyn serti:

Tufﬁu ,dx = Tu ,L'U fdx

—o0 -0

[ we M operatorlarys kommutatory diyip (Cnv - MC)ululyga aydylyar.
Operatoryn hususy bahasynyn we hususy funksiyasynyn denlemesi:

|:l// =Ly
Kwant mehanikasynyn yonekey operatorlaryna koordinatanyn we impulsyn

operatory, impulsyii momentinifi operatory we umumy energiyanyn H
operatory (gamiltonian) giryar. Olar :

5 0, 5 0, 5 0,
P, =-inh—, P, =—-ih—, P, = -ih—,
OX oy 0z
M =y|5—zI3,

M, =xP, - yP,;
A 1 ("2 22 32 N
H=—(P+P+P, )+U(x,y,z,t)-
2pu
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1VV.2. Meseleler

4.1. Asakdaky operatorly denilemelerinn dogrulygyny barlamaly:

X —. = =x.—-1;
Q) dx X dx
2 2
d d
d) —+ x| =——+2x—+x" +1;
dx dx X
3 3 2
d 1 d 3 d
e) — + — = 3+_ PR
dx X dx X dx

Cozuwi:
a) Cep tarapdaky operatory erkin funksiya tasir etdiryéris:

B (e RE R CRI o

dy dy , dy dy , d
=Y X 2K X =+ 3X e+ X ,

dx dx dx dx dx

v -ni ayryp alyarys:

dx dx?
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4.2. Operatorlaryn kommutatorlaryny tapmaly.

a) xwe L
dx
b) inv. We  A(r).
Cozlwi:
a) x we dd— — operatorlaryn kommutatory (xdi—dixj. Su operatory y funksiya
X X X
tasir etdirelin:
d d d d d dy
X———X |- = Xx— — —(X =X——W - X— =y ,
[ dx  dx J dx dx( W) dx v dx v

v -Ni ayryp alarys:
dx  dx

b) (ihv-A— A~ihV)-(// = ihv(A-y/)—ihAv W =ihVA -y +ihAV -y —ihAV -y = ihVA -y

v -Ni ayryp:

in(v-A-A-v)=inAv = in-divA

2

x> we (d—~xj operatorlaryn a)sin x, b) cosx we ¢)e’* funksiyalara

2

4.3.

dx ’ dx

tasirlerinin netijesini tapmaly.

Cozlwi:
d’ d d d d d
—- X |sin X = —-—(x?-sin x)= —(2x-sin x+ x?cos x)= —(2x-sin x)+ —(x?-cos x)=
a) dx dx dx dx dx dx
= 2sin X+ 2XCOS X + 2XCOS X — X sin X = 2sin X + 4Xcos X — X sin X
we

2

d . d d . d d . d .
— x| sin x=|—-x|-|—-x|-sin x=|—-x|-—-(x-sin x)=| —-x|-(sin x+ x-cos x)=
dx dx dx dx dx dx



d . d . . . .
= —(x-sin x)+ —-(x?-cos x)=sin X+ X-C0S X+2X-C05 X — X -sin X =sin X +3x-c0s X — x° -sin X.
dx dx

4.4. M - ML =1 gatnasygy kanagatlandyryan [ we M operatorlar G¢in C™M* - M *L
gatnagygy tapmaly.

4.5. u(x) potensial meydanda H gamiltonian {i¢in asakdaky kommutasiya
gatnasyklaryny barlamaly.

o°U

a) [H)Z]:_i;hﬁx; b) [msx]:m%; c) [ﬁﬁj]:zih%ﬁx+hzaxz

46. P=-ie" di operatoryn hususy funksiyasyny tapmaly.
X

Cozlwi:
Kesgitleme boyunca:
Py =2y ,
buyerde 2 - hususy baha.
w dy
e —=Ay ,
dx v
ya-da
d )
WV ire™dx .
v

Su anlatmany integrirldp we soiira potensirldp, taparys:

y =exp (i2e™)

4.7. p+ X operatoryn birélcegli hereketde hususy funksiyasyny we hususy bahasyny
tapmaly.

Coziilisi:
Hususy denilleméni yazyarys:

(F3+)Z)-y/=2,1//,

ya-da
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sebabi
. h 0
sz—-a—
| X
Onda
oo
| X
ya—da
hoo
_._l//:(l_x).!//

Su anlatmany integrirleyéris:

h x? .
—Ihy =[{Ax—-—|+hc,,
i 2

(3)

h
w =const -e

Indi potensirleyaris:

Su yerden gorniisi yaly 2 —nyn dhli hakyky bahalarynda » gutarnykly bahalary alyar.

4.8. Impulsyn operatorynyn hususy funksiyalaryny tapmaly.

Cozuwi:

hoo . h . hoo . o

~ Y op oy —.a—"’zpy.w, =Y _p .y yazyp bileris.

i OXx i y i z

Bu yerde p, P, P, - impulsyn wektorynyil diiziijilerinifi operatorlarynynn hususy
bahalary.

Denlemelerin ¢ozgiidi:
%(Pxx+Pyy+PZz)
y =€ )
bu 6z gezeginde impulsyn diizijjileriniii operatorynyn hususy funksiyasy bolup hyzmat
edyar.

4.9. Asakdaky operatorlaryn hususy funksiyalaryny we hususy bahalaryny tapmaly:
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a) L; b) i-;—x; ) x+

4.10. p,, p,, P, operatorlarynn we Laplasyn operatorynyn ermitligini barlamaly.

y!

4.11. Impulsyn momentinifi M, proyeksiyasynyn ermitligini subut etmeli:

Bu yerde 0O<¢p<2r.

Coziilisi:

serti kanagatlandyryan operatora 6ztinecatrymly ya-da ermitli operator diyilyar.
Su mesele licin:

2z 2z 2z

2
jwfl\ﬁzwzd(p=—ihjwfaiwz-d(p=—ih(wf~wz)| ~in v,
0 0 w 0

0

2
op

do = —ih(y/l* -y/zxz” +

2z

+ [w,M iy, do.
0

v' we y, funksiyalar tebigy sertleri meselem, birbahalylygy kanagatlandyryarlar,
onda

yagny
2r
(l//ll//zjo =0

Diymek:

2 2r

[wiM,w,do = [y,My do,

0 0
yagny

M, = —in ai operatory ermitdir.
@
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4.12. Asakdaky operatorlaryn ermitligini subut etmeli.
a) B ; b) 82;  ¢) H.

Cozlwi:

. P? h? .
) H=—+U=-—aA+U.
2u 2u

jy/an//zdx = -y, grad ‘/’2|_w +J'grad w,-grad v dx =y ,grad v,

—o0

" _l/lz J.WzAl//;dX =

—o0

+00

+00

= [(aw) o,
we [wiUy,dx = [(y,U)w,dx
X o d - y e e
4.13. P =-ie" ™ we  Q =e"™ operatorlaryn kommutasiya diizgiinini tapmaly.
X
COozuwi
A n d d _ . _ d _ d _
(PQ —QP)~V/ = ie" ey rie” e L = e ey — e e e e = %y,
dx dx dx dx
y - Ni ayyryarys:
PQ - QP =e”".

4.14. p, we erkin f(y) funksiyanyin kommutasiya diizgtnini tapmaly.

4.15. Sistemanyn tolkun funksiyasy asakdaky gorniisde berilyar.
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Sistemanyn &htimallygynyn paylanmasyny tapmaly we onun stasionar yagdayda
daldigini esaslandyrmaly.

Cozuwi:

Yagdayyii dhtimallygy

2

[ a e Il Tet L [ g e
py =|p(x)-e" +o(x)e" [[o(x)e" +o(x)e" |=p’(x)e" +e’ | =
L L J L i
= ¢’ (x) 2+e$Et +ei§Et :2¢2(x)-r1+ cos Etw.
i ]

dendir:

GOrntisi yaly, dhtimallygyn paylanmasy wagta bagly, yagny ulgamyi yagdayy stasionar
dal.

4.16. Wagta aydyn bagly bolan operatoryn wagta gérd oniimi tigin afilatmany tapmaly.
Cozuwi:

F=[vFy- dv yazyp bileris.
Onun wagta gorad oniimi

dF

oy - . OF o 0
—:ILFw~dv+jw —y/-dv+J(// F22 v
dt ot ot ot

Birinji we Gc¢unji integrallary 6zgerdip, alarys:
[ [P 2 o[ L
ot ot
Sonun {i¢in
Su yerden taparys:
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4.17. Birjynsly magnit meydanda 7 we A operatorlar i¢cin kommutasiya dizgunini
tapmaly.

Cozlwi:

Kommutatory emele getiryaris we y — & tasir etdiryaris:

cr e\ ae s s A T U VN
(PA— AP}y =PA- AP, - AP, - AP =|PA-BA —in—_PA —in—"-PBA —in—ty =

L L o OX oy GZJ
JﬁXAXiﬁA B A BA B pa i A, A oA LLTWNA
| v v Lax oy azJ I

4.18. Magnit meydanda impulsynl proyeksiyalary iligin kommutasiya diizgiinini tapmaly.
Cozuwi:

Kommutatory dizyaris we » — & tasir etdiryéris:

e S

o |
o | o
>>

y — Ni ayryp tapyarys:
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a) yP, =Py =inh
zF32—|512=ih.
P -Py=0,

b) SR we §.m
yP, - P,y = 0.

we

d) :

4.20. Impulsyn momentin duzljisinin operatorynyn we koordinata operatorlaryn
arasyndaky kommutasiyalary tapmaly.

Cozlwi:

Kommutatorlary emele getirip we 6zgerdip, taparys:
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4.21. Impulsyn operatorynyn diiziijilerinin  we M, operatory bilen yerine yetyén
kommutasiya diizgunini tapmaly.

Cozlwi:
1 ISXIVAIZ—MZAX:st(xlsy—yFA’x)—(xlsy—yFsX)F;X:stxFA’y—F;XyISX—XISyF;X+yF3X|5x:
B (Bx—xP,)=—inp, = p
Ty \Ux x/) y_i y*
Diymek,
A A A oA
PM, -M P =—P,.
X z zZ° X | y
2 ISyMZ—MZAyzth;x
3. PM,-M P =0

4.22. Asakdaky operator deiilemeleri subut etmeli.
a) ylsy2 - I5y2y = 2th3y,
b) 22I52—I5122=2ih.

4.23. u(x) potensial meydanda H gamiltonian {igin asakdaky kommutasiya
gatnagyklary barlamaly.

a) [rix]= ™. b) [is]--2Y. 0 [ip7]- 225 4 in Y
7, OX OX OX
Cozlwi:
¢) Erkin bolejik tG¢in gamiltonian:
L

N
N



N | 1 (- N . ou
[Hp?]= = (B?H - HP?)= —(P2U ~UP?)= —(P?U —UB,-P, )= —P2U | PU +in—]|.
in in in in OoX
1( 2, ou 1., . oU ouU
- —|PU -P -UP, —ih—P, |=—{P’U -P|PU +ih— |—ih—P =
in 15) in OX ox
1( s . . U ou ou
- —|PU -PPU —inP, — —ih—P +ih—P —ih—P, |=
in ox OX ox oX
1 ouU oU . aU 1 , & oU ou
= —J-2ih—P +ih| —P, - P — |} = —| = 2ih—P +(in) ——|=-2— P, +in
in X O0X OX in X OX OX OX
. - U . o°U
Diymek, [FpZ]=—2=8 +in
OX OX
4.24. Merkezi simmetrik meydanda elektronyn dendlgegli hereketinde M °

operatorlaryn saklanyandygyny subut etmeli.
Cozlwi:

Impulsynt momentin kwadratynyi operatorynyn wagta gora liytgemegi:
f%L=MMF dendir.
t

Yone H we M*? operatorlary kommutirlesyir, yagny

[FMz]=0  we CLLI
dt
Edil sunun yaly
M. _Jhni ]=o
dt ‘
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425. Mm,, M, M, We M? operatorlaryit bahalaryny dekart ulgamyndan sferiki ulgama
Ozgertmeli.
Cozlwi:

M, operatoryn bahasyny asakdaky gorniisde yazalyn:

. R . d d [ (or & 60 6 o0 0 ore 00 8 o¢ o)
M, =YyP,—zP =ihl z—-y—|=ih{z fe,2l 2l -y —— 4 }(l)
oy oz J

Loy or oy a0 oy oy oz or 0100 01 09
we
X =rsin 8 -cos ¢, y =rsin 8 -sin ¢, Z=1rcos 6. (2)
(2) — den:
tgq):%, cosezi, bulardan basga r® = x* +y* + z°. (3)

(3) — den asakdaky oniimleri hasaplalyn:

or 06 cos @ -sin 0 cos or 00 sin @ 0
_=Sin6'sin¢), —=—¢, _(0: @ _20059, - = , _q):O

oy oy r oy  rsin 0 0z 0z r 0z

Su 6ntimleri we (2) - ni (1) - e goyup, alyarys:

. _ ( o siné@ o)l
—rsin @ -sin p| cos 8 — — — |t =
L or r 00|

. [ G
M = i%{rcos G(Sin 0 -sin p — +

cos @ -sin ¢ 0 cos ¢ 0
—+
" | or r 00 rsin 0 d¢

0 0 0 0
= in|rcos @ -sin 6 -sin p— +cos’ @ -sin p— +ctgd -cos ¢ — — rsin & -sin ¢ - cos & — +
or o0 op or

. . 0 . 0 0
+sin "6 -sin p— | =ikl sSin p — +ctgd -cos ¢ — |.
06 00 op

Diymek,
A o 0 0
M, =in|sin p —+ctgdcos o — |
0o op
Edil sunun yaly
- . 0 . 0 ~ .0
M = —ihfcos ¢ ——ctgd -sin ¢ — |, M, =-ih—.
06 op op
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Indi ™M ?-i Ozgerdelin:

22 22 a2 22 N N N N N N - - 0 0

M*=M, +M +M =M M +M M +M M, =i sih ¢ —+ctgb-cos ¢ — |-
00 op

(. 0 o) I 0 eI o a8l
-1k sin ¢ — +ctg @ -cos ¢p — |+ | —ih| COS p — —ctg @ -sin ¢p — ||| — 1| COS @ — —cCtg @ -Sin @ — || +
06 o L 06 o J L 06 o J

0 0 o ., 0° . @ G o . 0
+|—ih— || —th— |=-h"|Sin "¢ > +sin ¢ —ctgd -cos ¢ —+ctgd-cos ¢ —sin ¢ —+
op 06 00 op op op
o* d 0 0 d
—Ccos ¢ —ctgd -sin p — —ctg f -sin ¢p —cCos ¢ — +
00 oo op 06

0 0
+ctg¢9-c05(p—ctg¢9-cosgo—+coszgo 5
op op 0

_ d _ d ? o @° , 0 ) _ d
+ctg @ -sin p —ctg @ -sin p — + S| =-n S +ctgd-cos” ——ctg "6 -cos ¢ -sin o — +
op op Op 00 00 )

2 2 62 -2 0 2 - 0 2 .2 62 82
+ctg "6 -cos” @ +ctgd-sin “p—+ctg "0 -sin ¢ -cos ¢p —+ctg "6 -sin @ + =

0> 00 o op* op”
Ik 8 , 8% | 1 o, o 1 a?
=-h"| S +ctgd — +(ctg ¢9+1) S |=-n - —|sin 0 — |+ ———
| 0 o0 op ] |sin @ 00 00 sin "6 dp" |
ya—da
M?=-nv, .

4.26. Bolejigin erkin hereketi bilen tolkun paketinin yayramasynyn &zara
ekwiwalentdigini subut etmeli.

Cozlwi:

(ax)* orta kwadratik gysarma ~ ax® = x* - x° 1)

ululygyn orta bahasydyr, x —agyrlyk merkezinin koordinatasynyn orta bahasy.

X
dt

o

Onda -V ya-da x=vt+x, (2)
yazyp bileris:

(2) —den gorniisi yaly, paketin merkezi v tizlikli hereket edyar.

(I)-in wagta gora oniimi seyle tapylyar:
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d(ax)®  a(ax)’

= H (Ax)’ 3
it GICON 3)
Yone
. , . _ . ~ 1 dx? o dx?
H(Ax) |=|H - x> =x?|=|H -x*|-|H -x?|= - 4
] [ 2] ] ) 8 8 @
Erkin hereket igin
Ho 1 4p?
2p
onda
1 2 1 2.3 12 252 32,2 252 3 3 -
H-x*|==(x’H - Hx? )= P’ - P’x*)= P’—P (xP, —in) x|=
- P2 —(xP, —in) - P2x + ihP x|= P’ — xP (XP, —in )+ 2inP x| =
= — {xzﬁxz—x(xF;x—ih)-F;X+ihxF3x+2th3xx}= _ {XZF;XZ—xxF3xF3X+2ihxl5x+2ihl5xx}=m;
2uih 2uin U
Seylelikde,
2 2 3 3 —2 4 5
d(Ax) :a(Ax) JXPrPX dXT xP 4 PX oo )
dt ot y7, dt 7,
sebabi dj :Zi-i:v.f we wagta bagly dél yagdayda M—X)zo
t t
Indi ikinji 6nlimi hasaplalyn:
d?(ax)® d d(ax)® [ . d(ax)*1
(2):_():|H()| (6)
dt dt dt | dt ]
Yone
. 21 [ .(xP +P 1 s s < s s
i—H OI(A>(H|=|H PP Tl = LB, + Bx)-[H -7-x]= LA (B, + Bx)]-72  (7)
| a | | u | ow u
sebabi
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(7)-nin birinji ¢lenini hasaplalyn:

L1 (xB, + B.x)]= 2 {xB, + Bx)H - H (xB, + B.x)} =
u 1hu

2inu’ ' SR APTAER o e T
_ 2_: (B + BxP? - B(xB, — i), - BZ(xP, — in)) =

inu
= 2;1# (xﬁf +PXP’ — P xP’ +inP? — P’xP_+ ihﬁxz)z T {XF;XS +2inP} - I5X(x|5X - ih)- F3X}:
1 A3 252 52 (5 ) B2l 1 53 252 B3 -A2_2|5x2,
ey (XB® + 2inP? +inP2 — (xP, —in) P2} = YL (xP? +3inP2 — xPS + inP? )= i

onda (6) seyle gorniise eye bolar:
dz(Azx)2 _ 2|32X2 ey )
dt y7,
P? operator H bilen kommutirlesyar. Sonun {i¢in (ax)* ululukdan alnan &hli yokary
ondmler nola den.
Indi (Ax)? ululugy t -nin derejesi boyunga Teyloryn hataryna

dargadalyii:

1 2
2 2
(AX)t = (AX)O +£ ot t+zdt—2t + ... (9)

(5) we (8) anlatmalary (9) —a goyalyn:
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2 22 22
Ax)? = (Ax)? + M—\TY ~t+l 2P, -V |t
(ax); = (ax), 5

U
Operatordan orta baha gegelin:

(10)
(ax)! ululyk hokmany suratda polozitel ululyk. Sol sebépli (10) — dan gorniisi yaly,

t-nin artmagy bilen (ax)! c¢éksiz artyar, yagny tolkun paketi yayrayar.

Dasky giiyjun yoklugynda, tolkun paketinin hereketi we yayramagy asakda gorkezilyér.
wal’

0 | ———————

U]
b
I
L
+
<
~
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V bap
Orta bahanyn hasaplanylysy. Erkin bélejik ii¢cin Sryodingerin denlemesi
V.1. Usuly gérkezmeler

o Kwant mehanikasynda fiziki ululugyf orta bahasy, kesgitlema layyklykda seyle

tapylyar:
L = Il//*l:l//dx
we  Sryodingeriii detilemesi
0 <
-y
ot
bu yerde
32
H=—+U(x,y,2,1)
2pu
ya-da
o,
H=-—V*+U(x,y,2,1)
2p
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V.2. Meseleler

5.1. Tolkun funksiyasy asakdaky gorniisde

E_.P
—1—t+1—X

y=e " ! (1)
bolsa, Sryodingerin denilemesini getirip ¢ykarmaly.
Coziilisi:

(I) — den asakdaky oniimleri tapyarys:

v _E _E 2
ot Ihl/j ih!// ()
ow P azy/ p? 3
a—lezl/l we aX2 :_h_zl// ()

oy E n’ 0y ht E oy 1.

- _ - - - = —H
t in P? ox’ in 2uE ox* in
alarys.
Seylelikde,
in 2V _
at

bu yerde

. P2 hZ 62

H=—=_-—

5.2. t=0 wagt pursatynda erkin bolejigin 6ziini alyp barsy

——+ikyx

w(x,0)= Ae &

funksiya bilen anladylyar. Normirleyji A koeffisiyenti, bolejigin barlyk oblastyny we
togun j dykyzlygyny tapmaly.
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Cozuwi:
Berlen  funksiyany

+00

.[|w(x,0)|2 dx =1

-0

sertde goyup, A -ny taparys:

o X o X o X o X
|A|2 Je 282dx =|A|2 je 2512dx +|A|2je 2""zdx = 2|A|2Je 2a2dx =1.
—o0 0 0

—0

a
dx =

—=dy .
J2

a’ ’ \/E ’
belgilemeleri ulanalyn.

Onda
2A2w v 2 gy 21
Al .([e 2 y
ya-da
2|A|2%T”=
2
sebabi
}e'yzdy = £
) 2
Su yerden
|A|2 _ '\/E
a 7T.

Bolejigin bar yerini tapmak ti¢in, asakdakyny tapmaly

2x?

p=ly(xo) = [a"e
Su funksiya, gorniisi yaly, x = 0 nokatda ifi uly bahany alyar.
Tok dykyzlygynyn dhtimallygy

i ow” .0 nk, -2 nk
bhh=—"lv Y 4 Y- |/-\|2 S S —
2u OX OX
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5.3. Bélejigint yagdayy

——+ikox

w(x)= Ae ?

funksiya bilen berlen bolsa, onuni koordinatasynyn we impulsynyn orta bahalaryny
tapmaly.

Cozuwi:

2 2 |t

+o0 4o 2X7 2 4o 2X° 2 2 2 2x°
= Pl o= Al e e = a2 e d{ d J:_2|A|2.a_.e .
e a

=0.
4

- -

we

+00 X

2 :
dx = jy/*(—ih)(—a—)z(+ikoj-Ae @ dx =

-

. 2
0 .
—+ikox

P = __[Ct//*F;xy/dX = _J;l//*(— in ;—XJAea

+o0

2n ' . .
:a—zjl// XWdX+hkoIW wdx = nk,,

—o0

sebabi
jW*XWdX =0
we
IW*WdX =1.
5.4. Bolejigin tolkun funksiyasy
—%Jrikox
y =Ay °

gorniisde berlen bolsa, ax> we ap’ ululyklary hasaplamaly we kesgitsizlik
gatnagygyny barlamaly.

Cozlwi:
Ax=x-X,eger x=o0 bolsa, onda ax=x we (ax)’ = x’.
Sonun ii¢in

400 ZXZ

(ax)” = TW*XZWdX = [ pe S e o o = |A|szzef7dx - 2|A|2}X2e7a7dx :
h 0

—w -

ikgx
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Integraly bolekleyin ¢ozelin:

2x? 2x?

U=x, du—dx We dv=xe *dx, ve_-¢ a.
4
Onda
2 2 2x2 22
2|A| a - 2 2 2 2
.(AX)Z:—Lxe a +2|A|2a—J'e a dx:2|A|2a_i_”:a_
4 4 4 2 2 4
2 2
(axf =2 we (apy-_.
4 a

Bu bahalary Geyzengerin kesgitsizlik gatnasygynda goyup,

alarys.
GoOrniisi yaly agzalan gatnasyk yerine yetyar.

5.5. Kabir bolejigin yagdayyny anladyan tolkun funksiyasyny

i
——Et

y(x)=p(x) e’

gorniigde yazyp bolar. Bolejigi tapmaklygyn &htimallygynyn dykyzlygynyn dine
koordinat  — funksiya bilen kesgitlenyéndigini gérkezmeli.

Berlen: Cozuwi:
v(x)=v(x)e " o= (0 =y (1) (x,1)
-7 o=y (e (e =y (X (x) = (x)f
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5.6. Wodorod atomynda elektronyn esasy yagdayy

funksiya bilen berilyar. Bu yerde r — elektrondan yadro cenli aralyk, a — birinji Bor

e 2

v =A
.

radiusy. Normirleyji A koeffisiyenti kesgitlemeli.

Berlen:

a = const

su yerden,

2r

2 a

1=47z2A2je adr =47%A% - —e @
a 2

Cozuwi:
J. ‘l// ‘zd v =1,
45:11 dv = 4zr’dr,
dv

2r

© a

e
[A* ——an’ridr =1,
r

0

a
=47*A°==27%A%a
2

0

/ 1
A=, —.
2ra

5.7. Tolkun funksiyasy y = Ae * gorniisde berilyir. A ululygy tapmaly.

Berlen:

r

v = Ae_;

Su yerden

Cozuwi:
2r

'[|z//|2dv =1, dv =4zr’dr, |1,z/|2 - A% 2.

o 2r o 2r

= = 21
1= IAZe @ 4xridr = 47rAZIr2e adr = 47A° —— =
0 0

2)

a
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5.8. Tolkun funksiya = Asin ZILX dine o< x<1 oblastda kesgitlenipdir. Normirleyji

serti ulanyp, "A"—ny kesgitlemeli.

Berlen: Cozuwi:
|
w = Asin ZILX .[|1//(x)|2dx =1,
0
0<x<I w(x) = A%sin 2 ==
| |
A-? 1:.”V/(X)| dx—AzjsmZ—dx—AZJ'—(l—cos—jdx:
0 0 0
A 2L 4ax At oA am] A
=—Idx—— cos ——dx = — - x| — —-——sin —| = —1.
2 0 0 I 2 0 2 471' | 0 2
’ 2
su yerden, A= i

5.9. Tolkun funksiya y = AS

Guy¢ merkeze cenli aralygyn orta (r) bahasyny

kesgitlemeli.
Berlen: Cozuwi:
eig - 2 - M
v =A <r>=Ir|y1| dv:jry/ wdv,
r 0 0
a = const dv = 4zr’dr
<r>-?
1 . ..
A= |— (5.6-njy mesela seret)
2ra
© 2r o 2r
-2 27 L2 1
<r>= r2~ea47rr2dr=—J'readr:— z:i'
, 27ar as, a (2] 2
a
Jogaby: <r>= =
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5.10. Birolcegli tikeniksiz ¢un potensial ¢ukurda yerlesen bolejigin tolkun

funksiyasyny we energiyasyny tapmaly.

0 a
—— <X > — sertde U =0;
2 2
a
x> sertde U =« .

Coziilisi:

Sryodingerin detilemesi

Meselénin sertine gora, gyra serti

Seyle sertde (1) — in ¢Ozgudi:
w = asin ax + bcos ax,

gornlisdedir.
Bu yerde

Gyra serti ulanyp, alarys:

. a a . a a
asin a| —— |+bcosal ——|=asin a|l —|+bcos a] — |,
2 2 2 2

aa aa aa aa
~asin —(-)+bcos — =asin —+bcos —,
2 2 2 2

ya—da
Onda
. aa
2asih —=0
2
. aa
sin — = 0.
2
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Diymek ,

aa
—=Nr
2
Su yerden
nz
o ="
a
(2) we (3)-den:
n? z°n’
E, = —
2u a’

we

nz
w =bcos —x

"b" —ni funksiyany normirleme sertinden taparys.

% - N 21+cos ”x
= dx = b? L
U ‘ X Icos . X J' >
sebabi
jcos Zxdx =0
a a
Seylelikde,
2
b=.—.
a
Gutarnykly yagdayda

2 nrz
W, = .|—cos —x
a a

a
21 b
Iaz 2
2

(3)

5.11. Birolgegli hereketin impulsynyn orta bahasy asakdaky gorniisde alnyp

bilinjekdigini subut etmeli.

60



Cozuwi:
Kesgitlema gora,
P = TW*F;X‘//dX = —Tt//* il//dx
i i° ox

+o00

Yone, normirleme sertine gora [y wix =1
6 400 400 . a(// 6W*
— dx = —+ dx = 0;
OX ;"W 4 '[(W OX v OX ]
Su yerden
+o0 . a +00 a *
I!// —l//dx =— J.l// v dx.
S oX oX
Onda:
- no1 |—+oc . 81// +00 *
P=—>|Jy —d- [y dx |;
i 2 | OX X ]

diyip yazyp bileris.
Ya-da

5.12. Normal yagday (n=1) (gcin tolkun funksiya asakdaky yaly yazylyar:

\F x
W, = ,|— C0s —X.
a a

Bolejigin impulsynyn we impulsyn kwadratynyn orta bahalaryny tapmaly.

a

a
2 2

_ Lhod h 2z T .7

P= [y, —wdc=——7 [cos —xsin —xdx = -
SR ) ia” 7, a a

2 2 B
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V1 bap
Bolejiklerin potensial pasgelciliklerden gecisi. Tunnel effekti
VI1.1. Usuly gorkezmeler

Absolyut syzdyrmayan birdlgegli géniburcly potensial gukurdaky bélejikler tigin
Sryodingerin stasionar yagday {icin detilemesinini ¢oziiwi olaryn energiyasynyn
kwantlanmagyna getiryar, yagny

242
T°h™ ,

n-, n=123,. (Vl.l)

n =
2ml ?

bu yerde 1 - potensial ¢ukuryn ini.

diskret spektre degisli tolkun funksiyalary

y/n(x):\/lgsin nl—ﬂx (VI1.2)
gorniisdedir.
u, beyiklikli gonibur¢ly potensial pasgelcilige ucyan bolejiklerin serpikme r we
durulyk o koeffisiyentleri:

2

4k, k,

- (VI1.3)
k, +k,)

1 2

; D=
(
bu yerde k1=1/i—TE, k, = /i—T(E—UO)

E - bolejiklerin energiyasy.
Erkin u(x) formaly potensial pésgelciligin durulyk b koeffisiyenti agsakdaky
formula bilen kesgitlenilyér:

D =D,exp {—%T,/Zm(u (x))—de}, (V1.4)

bu yerde x, we x, - “giris” we “¢ykys” nokatlary, yagny u (x) = E yagdaydaky
nokatlaryn koordinatalary.
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V1.2. Meseleler
6.1. Bolejik absolyut syzdyrmayan diwarly 1 - inli (0<x<1) birdlgegli potensial
cukuryn esasy yagdayynda yerlesyar. Bolejiklerin (% 2%) interwalda yerlesmeklerinin
ahtimallygyny tapmaly.
Cozuwi:
Esasy yagday (cin n = 1. Ona degisli tolkun funksiya (V1.2)-den alynyar:

2
y,(x)= \/I:sm T

Berlen interwalda (x,, x,) bolejikleri tapmaklygyn dhtimallygy

X2 2%

co='f|l//|2dX=E j sinz(lxjdx=£+£z0,64.
X I y22222 I 3 272'
r 3

[13 29

6.2. Absolyut syzdyrmayan diwarly potensial ¢ukuryn i¢inde “m” massaly boélejik
esasy yagdayda yerlesyar. Seyle yagdayda bolejiklerini yerlesmeklerinin dhtimallygynyn
dykyzlygynyn maksimum bahasy »_. Cukuryn | inini we bolejiklerin  energiyasyny
tapmaly.

Cozuwi:
Esasy yagday (n =1) iigin dhtimallygyn dykyzlygynyn koordinat baglylygy

o(x)= |W1|2 = Igsin ZLT—x]
ululyga dendir.

Su taydan gorniisi yaly, x = IE-de ahtimallygyn dykyzlygy maksimumdyr. Sonun ii¢in

2

Su taydan tapylyar | =

a)m

6.5. Asakdaky cyzgyda goOrkezilen potensial baryer ii¢in bolejiklerin ondan gecis
koeffisiyentini (durulyk koeffisiyentini) tapmaly.
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2 i I CH sy
E : U,
| | : |
0, x<0 x=0 x=a x>0
U =JU1,
u..
x <0,
0<x<a,
X > a.

Diisyan bolejigin energiyasy u, < E <u, densizligi kanagatlandyryar.

Cozuwi
Durli oblastlar ¢in Sryodingerin denlemesi:
d? 2 uE
’/:1+ ﬂz w, =0, X < 0,
dx 7
dy, 2u
2+ —(E-U,p,=0, 0<x<0,
dx2 hz ( l) 2
dy, 2u
'y —(E-U,W,=0, x>a
dXZ hz ( 2) 3

Su denilemelerin ¢ozglitlerini asakdaky gorniisde yazyp bileris.
w,=Ae"™ +Be™, x<0,

w,=Ae"+Be™, 0<x<0,

v, = Ae", x > 0.
Bu yerde
2 uE 2u(E -U 2
N 7 7 IV R P
h h h

Tolkun funksiyanyn iizniiksizliginin sertleri asakdaky denlikleri beryar.

l//l x=0 :l//z x=0"
oy, oy,
OX |, o oX X:O'
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V/Z x=a = W?’ x=a
oy, Oy,
6)( X=a ax X=a
ya-da
A +B,=A, +B,, ]

ik(A +B,)=1(A, -B,),
Ae® +B,e " =Ae™, |

1(A,e” —B,e™™)=inA,e™ J

Hasaplamany sadalagsdyrmak ticin mydama ka >> 1 deisizlik yerine yetyar diyip hasap
edip bolyar we ¢ ululyga proporsional ¢lenleri e ululyga proporsional ¢lenler bilen
denesdireninde ikér edilip bilner. Onda:

i:_ 4ik k, e
A, (ik, =k, )k, —ik,)

alarys.

Degislilikde gecis koeffisiyenti

_ |A3|2 _ 16 klzkzz e—Zkzd
INEENCE %y (S S R

bolar.

6.4. Bolejik o< x < a birdlgegli potensial cukurda yerlesyér. Onun iginde U = o,
dasynda bolsa U = » . Seyle yagday licin Sryodingeriii stasionar defilemesiniii ¢ozgiidini
tapmaly.

Cozlwi:
I(x <0) we (x> o0)oblastlara seredelin. Seyle oblastlar tcin Sryodingerin denlemesi
seyle yazylyar:

N

dy, 2u
: Z_(V _E)l//l'

dX2 2

Su yerden gorniisi yaly v = » bolanda, v, nola éwrllmeli, yagny v, =o; Edil sunun
yaly
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Y =0, we

2uE

2

- k* belgini girizelin , onda onun ¢6zgudi:

A, = Asin (kx + @)

(//1(0) =V (O)'

Uzniiksizligin talaby: (a) (a)
yy\a)=vy,\a

beryér:
Asin o =0,
Asin (ka + a )= 0.

Seylelikde « =0 we k bolsa diskret bahalary alyp bilyér:

k =% nirede n=12.
a
Bolejigiii energiyasynyn derejeleri
E == o n’
2p

Normirleme sertin esasynda alyarys:

1= o= [l e = A fan "o
—w 0 0

Su yerden tapyarys:
A= |—
a

Gutarnykly tolkun funksiya &hli ginislik boyunca seyle denlik gorniisde berilyar:
\/? nax
v, =0, Vi =/ —, vy =0.
a a

6.5. Bolejik tiikeniksiz beyik “diwarly”, "1~inli, birélgegli goniburcly potensial gukurda
yerlesyar. Cukuryn c¢dginde o0<x<! Sryodengerin defnilemesini yazmaly we ony
cozmeli:



Berlen: Cozuwi:

0<x<l, U =0,
x<0 U—>
x> 1 U—> o
w(x)-2? . =0 U >

Differensial defilemelerini nazaryyetinden belli bolsy yaly

nyz/+i_T(E—U)l//=0, 0<xs<lU=0 ()
e X
o’y L,
ox’ Hew =0 (3)
kzzz—mE.

Bu (3) denleménin ¢oziiwi seyle gozlenilyar:
w(x)= Asin kx + B cos kx, (4)
Cyzgydan x=o0 bolanda w(0)=0 we «x>1 bolanda B =0

Seylelikde, w (x)= Asin kx

w(l)= Asin kl =0, Kl

Il
5
3
=~
Il
<
el
—_
>
SN
Il
>
28
=
x

Jogaby: v (x)= Asin ”I—”x.

6.6. Bolejik tikeniksiz beyik ,diwarly”, -1~ inli, birdlcegli potensial ¢ukurda
yerlesyar. Energiyanyn hususy bahasy e, Ucin anlatmany getirip ¢gykarmaly.
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Berlen: Cozuwi:

2mE
0<x<lI, al/:+k2 -0, k? = m2
OX h
Uu=0 k = ”I—” (5.15-nji mesela seret)
-9
B, n‘z? 2mE , TR’
, =N n=12,3,..
12 n? 2ml ?

6.7. Tukeniksiz beyik diwarly, birélcegli goniburcly potensial cukuryn icinde
elektronyn yagdayyny anladyan normirlenyan hususy tolkun funksiyasynyn

v (x)= \/Izsin ”I—”x gorniisdedigi bellidir. Elektronyn koordinatasynyn orta bahasyny

x kesgitlemeli.
Berlen: Cozuwi:

2 _ 2 1

(//n(x)z\/isin LA X =[xy, | dx:—J'x5|n2—xdx:—jx[1 cos —nxjdx:—.

| | ) I 2

X -2

-1
Jogaby: x =3

6.8. Bolejik tikeniksiz beyik diwarly, 1> inli, birdlcegli goniburcly potensial ¢cukurda
esasy yagdayda yerlesydr. Cukuryn ¢epinde onun %I uzaklygyndaky nokatda bolejigi
tapmaklygyn dhtimallygyny kesgitlemeli.

Berlen: Coziilisi:
l//n(x):\/zsin nz
| | 2 .z
yxl(x)=\ﬁsm TX
Osxsl—.
3
! ! !
S0 ) 231
W —? W:HV/1| dx = [—sin > —x dx:—j— 1-cos —x |dx =
0 0 IOZ
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|
27 1 1 1 2z |s
cos I—xdx:———~—sm—x =

3 1 2z

—_

1
|

O e w | —

:
.J’dx_
0

0

1 1 . 2«
= ———sh —=0,195.
3 2 3

Jogaby: w =0,195.
6.9. Elektrony tlkeniksiz, beyik diwarly we | inli birdlcegli goniburcly potensial

cukuryn iKinji % boleginde tapmaklygyn dhtimallygyny tapmaly. Elektron oyandyrylan
yagdayda (n=3) yerlesyar diyip hasap etmeli.

Berlen: Cozuwi:
2 . nrx 2
y/n(x):\/lism I—x, [ |
n =3,
1 2
-l <x<—I
3 3
-7 0 =1 =1 X
3 3
2 3
wa(x):\/l:sin I—ﬂx
2 21 2 2 21 2
3 3 3 3 3
2 ) 231 1 1 67 E
W= |y, dx=|—sin"—xdXx =—|—|1-cos —x |dX = —|dx ——|cos —xdx = —-x| -
froloe= ] g oo T ]
3 3 3 3 3 s
27|
11  6xr |3 1 1 (. 6x 2l . 6z | 1 1. . 1
———sin —x| =——-—|sin —-——sih — - —|==———(sin 4z —sin 27)=—
| 67 | ! 3 6r | I 3 3 6r 3

w | =

Jogaby: w



6.10. Metalda erkin elektronyin energiyasynyni kwantlanyandygyny subut etmeli.
Metalda elektron (icin potensial ¢ukurun inini 10sm diyip hasap etmeli.

Berlen: Cozuwi:
z°n’ .- s
m=9,1-10 *'kg, E, =n’ = (6.8 — nji mesela seret)
2m
72_2 2 7[2;_12 72'2}"'12
| =10sm = 0,1m. AE, =E,, -E =]+ -0’ (n+1) 2 ~n 22
2ml 2ml ml
AE, -2

AE, ~0,75n-10 *eW .

Jogaby: AE_~0,75n.10 ew .
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VIl bap
Cyzykly garmoniki ossilyator
VI1.1.Usuly gorkezmeler

Cyzykly garmoniki ossilyatoryn kinetik we potensial energiyalarynyn
operatorlary:

_ 1 g
2m ’
2
U = M@ 2
2
Umumy energiyanyn operatory:
A 1 . m o’
H=—pP" +2—x’
2m 2

Cyzykly garmoniki ossilyatoryn hususy energiyasy:

1
E, :ha)o[n+—j, n=012,.
2

Nolunjy energiyasy:
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VI11.2. Meseleler

7.1. Kesgitsizlik gatnasygyndan ugur alyp, hususy « yygylykly ¢yzykly garmoniki
ossilyatoryn minimal energiyasyny bahalandyrmaly.

Coziwi:

Cyzykly garmoniki ossilyatoryin umumy energiyasynyi nusgawy anlatmasy.

Oy €

Kesgitsizlik gatnasygy

St

AX-AP > — (2)

N

Hasaplamada p~aAp we x-~ axdiyip we (2) —den ax -in bahasyny (l) — e goyup
alarys:

2 2,2
EZ(AP) L Mo 7 3)
2m,  8(AP)*
Suny ekstremuma barlayarys.
OE 1 me’h’

Bu yerden:
(aP)* = mo“; h
ya—da
(APY = mo:)h (@)
(4)—i (3) —e goyup alarys:
E -lio



Bu ¢yzykly garmoniki ossilyatoryn kesgitsizlik gatnasygy bilen ylalasyan, bolup
biljek in Kici energiyasydyr.

7.2. ,,n“ energetiki derejede yerlesen ¢yzykly garmoniki ossilyatoryn potensial
energiyasynyn orta bahasyny hasaplamaly.

Cozlwi:

N

2

(x*),

u, =

., n ' stasionar yagdayy anladyan v (x) tolkun funksiyasyny hasaba alyp, yazarys.

(x*), = [y, [ o =Cf(nf—wj2'jengf(§)§zd§ 1)
bu yerde
6g:(moa)wg n :(mowwi' 1
WA ") emde
we ML) = (Care” L) 2)

(1) — de H_(¢) polinomyn birini (2) — i bilen ¢alsyryp we n — gezek bolekleyin
integrirlép alarys:

] R L A 3
R R =t @
Su formulany

len,)- e oo @

we
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integrallaryn bahalaryny hasaba alyp, taparys:

m,w 2
Seylelikde,
1 ( 1] 1
U, =—ho|n+—|=—E_.
2 2 2

7.3. Birinji oyandyrylan yagdayda yerlesen ¢yzykly garmoniki ossilyatoryn has dhtimal
ornuny tapmaly.

Cozuwi:

Ossilyatoryn tolkun funksiyasy kwant sanyii erkin bahasynyi iisti bilen asakdaky
gorniisde berilyar:

m,

buyerde « =

we

H,(Va,x)= (-1 —. d° gt _ Cebysewin — Ermitin polinomy.

Birinji oyandyrylan yagdayda n=1 we

1

a? 3 [ =
v, = e 2 2Ja x=a'- |[—F—-e % -x

N Jr

Ossilyatoryn ornunyn dhtimallygynyn dykyzlygy

|V’| - \/;'
Ahtimallygyn dykyzlygy
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(e’”‘XZ -xz)/ =0

sert bilen kesgitlenilydn nokatlarda maksimumy alyar. Soiiky sertden

\F
X=t. =
2

taparys.

7.4. Birinji oyandyrylan yagdayyn tolkun funksiyasy berilyar:

maw

Buyerde «-= —

Cyzykly garmoniki ossilyatoryn doly energiasynyn orta bahasyny tapmaly.

Cozlwi:

Orta energiya

+00 +o0 22 +00 2

H = J.l//*l"il//dx = Il//*;—my/dx+ JW*deX :;)—m+LT

—o0 -

Impulsyn kwadratynyn orta bahasyny tapalyn:

- i dx e deL
Yéne
1
v a2 (0 ax? oo 2 1
jx e 2 ~d2(e 2 xwdx:je x x(a2x3—3ax)dx:3a \/;—ia z\/;:_i‘/?_
- ax | J I 4 2 4 1
. ; e
Onda
- 2
P2:3ha"/;:§h2.m—w:—hmw
2r 2 h

1)



Kinetik energiyanyn orta bahasy

T_z—:—ha) (2)

_ e W’ 2 3 \/; me’ 2 (mow)z 3
U = dx = —— X’y dx = yodx = — : == 3
7J-V/1Ul//1X 7]% X%y dx J%Xl//lx p g \/;[ ; J ho (3)
- ” mao |2
)
(2)we (3)—i (1) —e goyup alarys:
— 3
H=—ho
2
Bu E, = %ha) bilen n=1 — de gabat gelyar, sebébi e, - ha)[n + %)
7.5. Angarmoniki ossilyatoryn potensial energiyasy seyle yazylyar:
U(x)= m:)o x4+ ax (1)

(1) — in sonky c¢lenleri kigi diyip, angarmoniki ossilyatorynn kwant derejelerini tapmaly.
Coziilisi:
(1) — de tolgunma W (x) = ax° +... (2)

Tolgunmadyk sistemanyn (2 = 0) hususy energiyasy

£o hwo(n . 1] (3)

2
Tolgundyryjy energiyanyi matrisaly elementleri:

Wy = v oWy Jdx = A fw o Xy dx = 4(x°),,. )
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Ikinji yakynlasdyrmada tolgundyrylan ulgamyi k derejesiniil energiyasy

E, = E’+A(x%), ;LZ( )(XS) (5)

n=k E

n

Seylelikde (x°),. matrisa hasaplanmaly bolyar.

:XOJ\/Eé‘nlm"'}/n_—i_lgnumL 0 d : (6)
| V2 ' 2 o mao,

Matrisalary kdpeltmek duizgini boyunca

( ) zxkl In szkl Im mn' (7)

Belli bolsy yaly,

>
Il

(7)-& (6) —ny goyyarys we degisli 6zgertmeleri yerine yetiryéris:

/k +2 }I +1 }m +1
( n:XSZZ{[\/iku k+1|}(\/7 I-1,m I+1m}{\/7 m+1nJ}
|
k +1 +1)l k +1) +1
klI Ilm klI I+lm 5k+1| 1-1,m k+1| I+1m
4
m [m+1 [k(k —1) k2 /(k +1)° (k +1)(k + 2)
: [\/ggml,n + 2 5m+1,n} = Xs% { 4 5k—2,m + Tgkm + 4 5km + fé‘ku,m } '
m fm+1 [k(k —1)m [k(k —1)(m +1)
( ;5m—1,n + 2 é‘m-v-l,nJ = XS%[ 8 6k—2,m5m—1‘n + fgk—z,mgmﬂ,n +
[k? [k?(m+1 [(k +1)° k+1)°(m+1
+ 8m 5k,m5m—l,n + (n; s )5km 5m+l,n + ( +8) T 6km 5m—1,n + %é}mgmﬂ,n +

k+1)(k + 2 k+1)(k +2)(m +1 k(k —1)(k -2
+ M§k+2m5m—l,n+\/( . )( - )(m+ )5k+2m§m+1'n]:)(s{ %6\(_3“4_

8 8

~1)° [k® lK2(k +1 /kk 1)° k +1)°
) 5k—1,n + ?gk—l,n + (8+ )§k+1,n + ( ;- ) 5k—1,n + ( -; ) 5k+1,n +

_




8 8

\/(k+1)(k+2 Jk+3) / \/7 /|<+1|<2 Ik +1)°
+ 3 k n + 3 +
[ 1)ks 2) k+22]5 l_ n ) -1k -2) \/(k+1)(k+2)(k+3)5
+ J k+1,n - ( J { 8 k-3,n + 8 k+3.n +
N /9k35 N 9(k +1)35 \ (8)
8 k-1,n 8 k+1,nJ'

Su taydan gorniisi yaly (x°), =o0..

. (k +1)(k+2)25k +\/(k +1)(k+2)(k+3)§k3 J:X3

(8) — den dine dort ¢len galyar:
n-k+3 We n=k=1,lstesine-de (x*) =(x°), .
Mundan beylidk asakdaky anlatmany-da hasaba almaly:

1

Ef—E::hw0[k+§—n—EJ:ha)o(k—n) 9

Suyerden n=k+1 bolanda E;-E,., = +3n0, We n=k+1 bolanda

k+3

EC-E

K ke = Thag.

Onda (8) —i (5) — e goyup alarys:

3 8 3 8 8

Ek:hwo{“i]_ 2 3{1 (k+1)k+2)k+3) 1 k(k-1)(k-2) 9

2 ho,| Mo

3 8 3 8

~ 1 2 (Y[ (k+)(k +2)(k +3) 1 k(k-1)(k-2) 9 c1p Sl
Ek_ha)( J— { +8(k 1) 8k}_

ol K+ —
2 ho, | Mo

3

1y 2 ( n 1 9
:ha)o(k+—J— { J { (k3+6k2+1lk+6—k3+3k2—2k)+—(k3+3k2+3k+1—k3)}:
3-8 8

ho, | Mo,

3 3
1 A2 h 1 9 1 A2 n
= hog| k+= |- r(9k2+9k+6)+—(3k2+3|<+1)1 = hoy| k+= |- :
2 ho, | Mo, 3~8L 8 J 2 ho, Mo,
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_{1

ﬁ[9|<2 + 9Kk + 6+ 27 (3k? + 3k +1)]

Ahyrky netije

1y A
Ek:ha)o k+E -

bu yerde k=0,1,2,..

e

ho,
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VIl bap

Puassonyn kwant skobkalary
VIII.1. Usuly gorkezmeler

e Umumy energiyanyn H operatory we islendik L fiziki ululygyn [ operatory
ucin Gamiltonyn kwant skobkasy seyle yazylyar:

[He]= L (ch - He)
1h
bu yerde ( -ini deregine islendik ululyklar bolup biler.

e Islendik F = F(x,y,z) funksiya bilen impulsyii operatorynyti P(f,,B,,P,)
arasyndaky kommutatorlar

R - . OF
FP, - P.F =inh—,
OX

N A .. OF
FPy—PyF =ih—,
oy

R - . OF
FP, - P,F =ih —
0z

dendirler.
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VII1.2. Meseleler

8.1. Puassonyn asakdaky kwant skobkalaryny subut etmeli.

a [ﬁj.y]zzp
b [F3y~yz]:2y
c. [AP x]= A

L OX 8; 0z J
o 0*A, 0*A, A
© [dIVA P] _{ ox? ' oxoy 6x62}
a [(ev+U) P, =—e2—1—2—t

<. 1 < 0A, . OA, .~ OA,
f. [AB.A = A, + A, —+ A —2
OX oy 0z

0. [FSZAX]:_{?X 5 Dop A Fl}—ihvz,&x.
X y z

o s1 2 0A L OA . GA)
h.[A2~PX]_—2LAX oA A, |

Cozlwi:

d. [Aﬁ-ﬂ:%(ﬁx-AP AP .B )= 1h(PAP APBPB - APP -APP)=
|

:%jlﬁxAP [PA +|h—J { m—} [ﬁxAz+ih%]ﬁz}=

1( oA, oA,
—LPAP+PAP+PAP—PAP—|h—P—PAP— in <o p.

ih

oX ax oX

oA, s O . A, .|
P, + P, + P, |
OX ox X J

|
L
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Seylelikde,

Ih X X XX y y
1 ann s oA ) . oA ) [ . oA,
=—<AAP-A| AP —in - A AP —in - A AP, —ih
in OX oy 0z
I S . OA P . OA
=—| AAP +AAP +AAP —AAP +ihA, — - A AP +inA ——
in OX oy
. 0A, . OA, oA,
= A, + A, + A,
Ox oy 0z
Diymek,
.. 1  0A, . OA, . OA
[AP-AX]z LT +Ay =+ A, L
OX oy oz
32 R 1. 22 32 R 1/ 22 22 p 22 p 22 p
[P Ax]z—(AXP - P Ax)z—(AXP -P’A -P/A -P, AX)=
in in
12wy ofa oA [+ oA ) o~ s . OA
=—<JAP -P|AP —ih -P | AP, —in -P,| AP, —in
in OX oy oz
V(: oy wca 2 0A .. OA ... . 0A
=—| AP " -P AP, +inP, -P,AP, +ihP, - P,A P, +ihP, =
in OX oy 0z
1 A D2 A D X |6 P X A D X 3
=—qAP —-| AP —in P, +inP, -| AP, —in P, +1nP
in Ox OX oy oy
Aan L[ a2y fnyg nnp A oA 8AXA_A8AX
+inP, =—| AP +AP +AP —APP +in P, +i1nP, -APP +i
oz V7 OX OX
s 0A o oA O0A ) O0A, . OA . OA
+inP, — - A PP, +i , + 17P, = P, + P, - P,
oy oz 0z OX OX OX
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“ox ox oy oy oz oz ox oy oz
@ oA, 8 OA, . 0 OA oA, ~ OA, . OA .| . 0°A, _ 3°A, . O°A
-ih——-ih——=-ih——==2 P, +—P +—=P, |-in - —ih = ih—
ox 0OX oy oy 0z 01 OX oy 0z OX oy 0z
oA, ~ OA, » A, ) .,
= .t P, + P, |[-IAV A,.
OX oy 0z
Seylelikde,

I ox | K ox in| * * ox ox
A D A A aAz 1 3 A2 3 A . an A A Ax (" A 0 y\]" A aAy
- AP A —in =—<P A" —|PA +ih A, - . - PA, +in A, —ihA -
ox ) i | ox ox k ox ox
- z aAZ1 1 S OrN2 ) S OrN2 A r2 an N N an S Or2
- PA +in A, —inA b=—| P A + PA, +PA —PA —ih A —inA, -PA, -
OX 6XJ ih OX OX
Ay A A Ay 3 A2 z A aAz (* an A 8Ay A aAzw
—in A, —1hA -P,A; —ih A, —IihA, =-2| A, + A, + A,
ox OX oX oX L OX oXx axJ
Seylelikde,
o . 0A, . OA . 5A
[A2 PX]:—Z(AX + A, —=+ A, W
L OX ox axJ
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IX bap

Elektronyn spininin operatory. Pauliniii matrisalary we olaryn
algebrasy

IX.1. Usuly gérkezmeler

e Kwant mehanikasynyn prinsipine layyklykda, s ululyga ¢yzykly 0zunegatrymly
s operatory degislidir. Su operatoryn s S s, duzdjileri

S, =—o0,, Sy:—ay, S,=—0,.
2 2 2
bu yerde
1 0 0 —i 1 0 o .
G, = , 6, = , G, = - Paulinin matrisalary.
0 1 i 0 0 -1

s,. S, we s, proyeksiyalar m , M, we M, proyeksiyalaryil kanagatlandyryan

kommutasiya diizginine boyun egyarler:

§§

=M +5
Onun diizijileri
I,=M,+S,, [ =M, +S, 1,=M,+S,.
e Umumy momentin kwadraty
(2=(M+S) =M?+87+2(MS)=M?+8%+2M,$, +M S +M,$,)
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1X.2. Meseleler

9.1. Paulinii matrisalaryny ulanyp, spiniii operatorlarynyn diiziijileri iicin calysma

gatnasyklary almaly.
Cozlwi:
M,M,6-M M, =-inM, we basga gatnasyklarda M -i s operatora ¢alsyryp
alarys:
$.5,-5,8, =ins,,]
S,S,-S,S, =ins,, 1)
$.8,-5.8, =S,
bu yerde
éngéx, éyzg&y, §z=§6z- (2)
we

10 0 —i 1 0 . .
G, = [0 1] , G, = ( ] , &,= [ ] - Paulinin matrisalary.
Suyerden ¢ =¢2=¢5=1 gelip gykyar.

(2) —ni (1) — e goyup we % ululyga gysgaldyp alarys.

é,6,-6,6, =2id,, ]|
6,6,-6,6,=2i6,, }
|
')

0,6, -0,0,= —2|0'y

9.2. Paulinin matrisalarynyn bir-biri bilen antikommutirlesyandigini we her matrisanyn
kwadratynyn bire dendigini gérkezmeli.

( 3 e e P o) P B P L

diymek, 6,6, =-5,6,.
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L, (o 1y(0 1) (1 0
Oy =040, = ’ = =1.
1 0 1 0 0 1

9.3. Islendik ugra elektron spininin diiziijisinin kwadratyny hasaplamaly.
Cozlwi:

Belli bolsy yaly,

y

buyerde s,,6,,6, - Paulinii matrisalary bolup, asakdaky sertleri kanagatlandyryarlar:

NPT Y
a ugra s -n diizijisi {—aJ
a

Su ululygy kwadrata gotereli:

e P A
L?J = 4a2(o—a) = rGarda,+d.a,)00,a+5,a,+6.2,)=
hZ
A24a2 A2a2 A2 a2 A A A A A A A A A A 2
= 4a2[ J4, +64; + 7.4, +(a G,+¢ ax)axay Jr(ayaZ +<rzay)ayaZ +(6,6,+6,6 )azax]_—h

9.4. Triplet we singlet yagdaylarda iki bolegin spinlerinini skalyar kopeltmek hasylyny
tapmaly.
Cozliwi:

Spiniii operatoryny girizelin.

S, =—o, 21

2 fi
we S,=—0
2

Ustesine —de &7 =3, & =6.=72=1 anlatmalary hasaba alyp, operatorlaryn jeminin

kwadratyna seredelin:

s?=($,+8,) =82+82+2($3,) (1)



s?, operatorynyi hususy bahalary
52 = n?S(S +1),

s =1 triplet we s =o singlet yagdaylar tgin,

-, =, 3
sf:sj:zhz
(1) —den:
22 22 22 2
N B R R
2 4
ya—da
(h? s=1
A A 4 '
(8132):% 31

A

9.5. ca=p, ca=if, ca=a;, o,pf=a, ¢ f=-la; o,p=-p; bu )’/erde a WE g -

spin tolkun funksiyalary, denlikler bilen kesgitlenilyan ¢ , ¢ , ¢,operatorlary Paulinin

y!

matrisalarynyn kanagatlandyryan gatnasyklaryna boyun egyandiklerini subut etmeli.

Coziwi:
¢,a=a We 6,8 =-p deiliklerden ¢, = +1 . ¢, Ucin hususy funksiyalary (« we g)
¢, we ¢ Ucin hususy funksiyalar daldirler, yone

G.a=p; c,a=ip; c,a=ip;

ya-da

c.p=a; o.B=-la o°yi/3=a,

denlikleri gosup we ayryp, tapyarys
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Bulardan gorniisi yaly, 6,=+1 We & =+1.

Asakdaky aillatmalary diizelin:

(6,6,-6,6)a=6,a-6,8=p-(-p)=2p=2i6,a;
(6,6,-6,6 )p=-6,8~6,a=-2a=-2i6p

Su iki anlatmadan

6,6,-6,6,=-2i6,
Suny-da subut etmelidi.
Mundan basga
6,6,a=6,F=-ia=-i¢,a,
6,6,8=06,a=if=-i¢,p
Su 1kisinden
6,6, =—-ic

9.6. Asakdaky operatorly gatnasyklary subut etmeli:
a. 10 —1,1, =inl,
b. i1, - 1,1, =inl.
C. I I, — 110, =inl,.

d. i°f, -1,i°=o.

89



Cozuwi:
a. 00, -0, =(M,+8 )M, +8,)-(M,+S )M, +S,)=M,M,+M,S +$M, +S58, -
“M,M,-M S -SM,-SS =M,M,-M M, )+(S,S, -8, )=inM,+ins, =

Sebdbi ™M, operatory ™M °® we s°, S _operatory hem wmM* we s® bilen we M we S

operatorlary 6zara kommutirlesyarler.
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X bap
Dirakyn matrisalarynyn algebrasy
X.1.Usuly gorkezmeler

o o We p dorthatarly matrisalaryn toplumy ikihatarly matrisalar bilen asakdaky
gatnasyklaryn iisti bilen baglanysykly:

s 0. 0 1M, 0 —il") 1" 0
a, = " r P = 1P, = . v Py = '
0 o, Soleoo) T L o *olo -1

e Dirakyn matrisalary:

I~ o
a = =
0 p3 o, —I,

buyerde n-123 we o' -Paulinifi matrisalary:

C (01 (0 i (10
o, = , o, = , o, = .
Yl oo 2 i o *lo -1
00 1 0
we "= .
00 0 1

e Dirakyn matrisalarynyn aydyn gorniisleri:

Basga-da

<
Il
SR

(0 00 1W (o 0 O—i\ (o 01 OW (1 0 0 0
10 0 1 0] |0 0 i 0] |0 0 0 —1] |0 1 0 0]
a, = , o, = , A, = , a, = .
Tlo1 0 o “27loZi 0 ol *711 0 0 ol °“lo 0.1 0!
Ll 0 0 OJ Li 0 0 oJ Lo -1 0 oJ Lo 0 0—1J
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X.2. Meseleler

10.1. Asakdaky gatnasyklaryn dogrudyklaryny barlamaly.
v=pr=

.« —a,a, =ia

, = , we basgalar.

C. pp,=-p,p, =ip, We baggalar.

Cozlwi:

(0001)(00011 (1000\

, |0 01 0[]0 01 0] |01 0 O]

R || | = | =1

01 00 01 00 0 010
LlOOOJLlOOOJLOOOlJ

10.2. Asakdaky gatnagyklaryn dogrudyklaryny barlamaly.

a. al=plo} =1, al=pl=1,

b. a,a, +a,a, = p12(0'20'3 +0,0,)=0,

C. a,a,+aa,=0c,(p,p, +p,p,)=0 W€ basgalar.

Cozuwi:

(0001)(00041 ooo-i)(ooow
|00 1 0[]0 Oi O] |0 O i 0]|[0 01 O]

b. a2a3+a3a2=| || |+| || |=
01 00 0-i 0 O 0-i 0 O 01 00
LlOOOJLiOOOJLiOOOJLlOOOJ
(iOOO)(—iO OO) (i OOOW(iOOO
|0-i 0 O] | 0 i 0 0] |0 -i 0 O] [0-i O O

= + = —
oo i ol o o-i ollo oi ollo 0 i o
LOOO—iJLOOOiJ (0 00—iJ (OOO—i
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